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THE SMOOTH REPRESENTATIONS OF GL2(O)
ALEXANDER STASINSKI
Abstrat. We present some unpublished results of Kutzko together with
results of Hill, giving a lassiation of the smooth (omplex) representations
of GL2(O), where O is the ring of integers in a loal eld with nite residue
eld.
1. Introdution
Let O be the ring of integers in a loal eld with nite residue eld, and let
p be its maximal ideal. The smooth representations of GL2(O), or equivalently,
the representations of the nite groups GL2(O/p
r), r ≥ 1, have in one form or
another been known to some mathematiians sine the late 70s. There has been
two dierent approahes to this problem. On the one hand, there is the Weil
representation approah of Nobs and Wolfart (applied to the ase O = Zp in [13℄).
On the other hand, there is the approah via orbits and Cliord theory due to
Kutzko (unpublished), and independently to Nagornyj [11℄.
The related ase of SL2(Zp), p 6= 2, has been studied by Kloosterman [9, 10℄,
Tanaka [17, 18℄, Kutzko (unpublished), and Shalika (for general O and p 6= 2) [15℄.
Another desription of the representations of SL2(Zp) (inluding the ase p = 2) was
given by Nobs and Wolfart [12, 14℄, using Weil representations. The ase PGL2(O)
with odd residue harateristi has been treated by Silberger [16℄.
The series of papers by Hill [4, 5, 6, 7℄ use the method of orbits and Cliord
theory as a basis for dealing with the general ase of GLn(O), and ontain several
general results, albeit a omplete lassiation only in ertain ases. In partiular,
Hill's work gives a onstrution (up to a desription of orbits) of the so alled regular
representations (resp. split regular in the odd ondutor ase).
Despite all these works, the literature on the representations of GL2(O) remains
in a somewhat unsatisfatory state: The Weil representation approah of Nobs and
Wolfart works only for GL2 and losely related groups of small rank, and Nagornyj's
paper, in addition to restriting to the ase O = Zp with p odd, omits ertain
details and uses an ad ho argument in the uspidal ase. Moreover, although
Hill's onstrution of regular representations overs most of the representations
of GL2(O), it omits a disussion of the orbits, and does not work for uspidal
representations in the odd ondutor ase. Hill does have a onstrution of so
alled strongly semisimple representations whih inlude the uspidals in the odd
ondutor ase, but this involves a ertain impliit step (see Subset. 4.2), and a
more diret onstrution of the uspidal representations is desirable.
The purpose of this paper is to give a omplete and uniform onstrution of
all the irreduible representations of the groups GL2(O/p
r), for r ≥ 2 (the ase
r = 1 being well-known lassially), via the approah of orbits and Cliord theory.
This amounts to a reonstrution of Kutzko's unpublished results, using whenever
1
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possible, the general results of Hill in order to t the present onstrution into a
more general piture.
Aknowledgement. The author is grateful to P. Kutzko for leturing on this material
and answering subsequent questions, and to S. Stevens for many helpful disussions,
in partiular for patiently explaining the details of the uspidal ase. This work
was supported by EPSRC Grant GR/T21714/01.
2. Orbits and Clifford theory
Let F be a loal eld with nite residue eld k of arbitrary harateristi. Denote
by O its ring of integers, by p its maximal ideal, and by ̟ a prime element. For
any integer r ≥ 1 we write Or for the nite ring O/p
r
. Let Gr = GL2(Or),
Ki = {g ∈ Gr | g ≡ 1 (mod p
i)}, for 1 ≤ i ≤ r − 1. From now on let i ≥ r/2; then
x 7→ 1 +̟ix indues an isomorphism
M2(Or−i)−˜→Ki.
The group Gr ats on M2(Or−i) by onjugation, via its quotient Gr−i. This ation
is transformed by the above isomorphism into the ation of Gr on the normal
subgroup Ki.
Fix an additive harater ψ : O → C× with ondutor pr and dene for any
β ∈M2(Or−i), a harater ψβ : Ki → C
×
by
ψβ(x) = ψ(Tr(β(x − 1))).
Then β 7→ ψβ gives an isomorphism
M2(Or−i) ∼= Hom(Ki,C
×).
For g ∈ Gr we have
ψgβg−1(x) = ψ(Tr(gβg
−1(x− 1))) = ψ(Tr(βg−1(x− 1)g)) = ψβ(g
−1xg).
Thus, the above isomorphism transforms the ation of Gr on M2(Or−i) into (the
inverse) onjugation of haraters.
We will make use of the following well-known results of Cliord theory.
Theorem 2.1. Let G be a nite group, and N a normal subgroup. For any irre-
duible representation ρ of N , dene the stabilizer, T (ρ) = {g ∈ G | ρg ∼= ρ}, of ρ.
Then the following hold.
i) If π is an irreduible representation of G, then π|N = e(
⊕
ρ∈Ω ρ), where
Ω is an orbit of irreduible representations of N under the ation of G by
onjugation, and e is a positive integer.
ii) Suppose that ρ is an irreduible representation of N , and let
A = {θ ∈ Irr(T (ρ)) | 〈Res
T (ρ)
N (θ), ρ〉 6= 0},
B = {π ∈ Irr(G) | 〈ResGN (π), ρ〉 6= 0}.
Then θ 7→ IndGT (ρ)(θ) is a bijetion of A onto B.
iii) Let H be a subgroup of G ontaining N , and suppose that ρ is an irreduible
representation of N whih has an extension ρ˜ to H (i.e. ρ˜|N = ρ). Then
IndHN (ρ) =
⊕
χ∈Irr(H/N)
χρ˜,
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where eah χρ˜ is irreduible, and where we have identied Irr(H/N) with
representations of H that are trivial on N .
iv) If ρ is an irreduible representation of N and T (ρ)/N is yli, then there
exists an extension of ρ to T (ρ).
For proofs of the above, see for example [8℄, 6.2, 6.11, 6.17, and 11.22, respe-
tively. The above results i) and ii) show that in order to obtain a lassiation of the
representations of Gr, it is enough to lassify the orbits of irreduible representa-
tions ψβ of a normal subgroupKi, and to desribe all the irreduible representations
of the stabilizers T (ψβ) whih ontain ψβ (when restrited to Ki), that is, to de-
ompose Ind
T (ψβ)
Ki
(ψβ) into irreduible representations. This is what we will do in
the following.
2.1. Orbits. Set l = [ r+12 ], l
′ = [ r2 ]; thus l+ l
′ = r. Then Kl is the largest abelian
group among the kernels Ki, so we an desribe its irreduible representations
ψβ, and at the same time it has the advantage of being suiently lose to the
stabilizers of its representations to enable us to desribe the irreduible omponents
of Ind
T (ψβ)
Ki
(ψβ).
We will onsider Gr-orbits on M2(Ol′ ) = M2(Or−l) ∼= Hom(Kl,C
×). The Jor-
dan and rational anonial forms imply that the orbits fall into four types, aording
to their redutions mod p. The following is a list of the possible orbits in M2(k):
(1)
(
a 0
0 a
)
,
(2)
(
a 0
0 d
)
, where a 6= d,
(3)
(
0 1
−∆ s
)
, where x2 − sx+∆ is irreduible,
(4)
(
a 1
0 a
)
.
If x ∈ M2(Oi), for some i ≥ 1, we shall write x for the image of x in M2(k). Let
β ∈ M2(Ol′). Then ψβ |Kr−1 = ψβ , and so if β
′
is another matrix in M2(Ol′), we
have
β ≡ β′ (mod p)⇐⇒ ψβ |Kr−1 = ψβ′ |Kr−1 .
If aI2 ∈M2(k) is a salar matrix (I2 is the unit matrix), then ψaI2(x) = ψ(aTr(x−
1)) = ψ(a(det(x) − 1)). Thus ψaI2 = χa ◦ det, for some harater χa of the group
{g ∈ O×r | g ≡ 1 (mod p
r−1)}. Sine O×r is abelian, χa has an extension to O
×
r .
Consequently ψaI2 has an extension to Gr, whih we denote by ψ˜aI2 .
Suppose now that π is a representation of Gr suh that π|Kl ontains ψβ , with β
a matrix of type (1) suh that β = aI2. Then (π⊗ ψ˜−aI2)|Kr−1 = ψ0|Kr−1 = 1Kr−1 .
Thus π fators through Gr−1 after twisting by a one-dimensional harater, i.e. π
has the group Kr−1 ∩ SL2(Or) in its kernel. Working indutively, we assume that
the representations of Gr−1 are known. Hene the representations orresponding
to orbits of type (1) are desribed.
Similarly, if π is a representation of Gr orresponding to an orbit of type (4)
ontaining an element β suh that β = aI2 + ( 0 10 0 ), then π ⊗ ψ˜−aI2 orresponds to
an orbit in M2(Ol′ ) that an be represented by a matrix β
′
suh that β′ ≡ ( 0 10 0 )
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(mod p). This implies that β′ =
(
a 1+b
c d
)
for some a, b, c, d ∈ p. Conjugating β′ by(
1 0
a 1+b
)
, we an assume that β′ has the form
(
0 1
−∆ s
)
for some ∆, s ∈ p.
If β represents an orbit of type (3), suh that β ≡
(
0 1
−∆ s
)
(mod p), then β =(
a 1+b
−∆+c s+d
)
for some a, b, c, d ∈ p, and onjugating by
(
1 0
a 1+b
)
, we an assume that
β has the form
(
0 1
−∆ s
)
for some ∆, s ∈ Ol′ .
We have therefore redued the problem of desribing the representations of Gr
to desribing the representations orresponding to orbits in M2(Ol′), represented
by elements of the following types
(1
′
)
(
a 0
0 d
)
, with a 6≡ d (mod p),
(2
′
)
(
0 1
−∆ s
)
, where x2 − sx+∆ is irreduible mod p,
(3
′
)
(
0 1
−∆ s
)
, where ∆, s ∈ p.
All of these orbits are regular in the sense of Hill [6℄. Indeed, by Theorem 3.6 in [6℄,
an element β ∈ M2(Ol′) is regular if and only if the entralizer CG1(β) is abelian,
where G1 = GL2(k), and k is an algebrai losure of k. Now simple alulations
show that CG1(β) is onjugate to the group(
∗ 0
0 ∗
)
,
{(
a b
−∆b a+sb
)
∈ GL2(k)
}
, or
{( a ∗
0 a
)
| a ∈ k×
}
,
when β is of type (1′), (2′), or (3′), respetively.
We observe that the representations orresponding to orbits of type (1
′
) and
(3
′
) are split regular in the sense of Hill (f. [6℄, 4.4). This means that the orbits
are regular and that the harateristi polynomial splits ompletely mod p (not
neessarily into distint fators). The representations orresponding to orbits of
type (2
′
) are uspidal (f. [7℄, 4.2), i.e. the harateristi polynomial is irreduible
mod p.
Let β ∈M2(Ol′ ) be an element in an orbit of one of the above three types. Sine
eah of these orbits is regular, it follows from Corollary 3.7 in [6℄ that the stabilizer
of ψβ in Gr is given by
T (ψβ) = Or[βˆ]
×Kl′ ,
where βˆ is a lift of β to an element in M2(Or).
To desribe the representations of Gr orresponding to the above orbits, we shall
proeed by onsidering two ases depending on whether r is even or odd.
3. The ase r = 2l, l′ = l
Let β be a representative of one of the three orbits above, and hoose a lift
βˆ ∈ M2(Or). Let θ ∈ Hom(Or [βˆ]
×,C×) be a harater suh that θ is equal to ψβ
when restrited to Kl ∩Or[βˆ]
×
(suh a θ exists sine Or[βˆ]
×
is abelian). Then θψβ
is a one-dimensional representation of T (ψβ) suh that θψβ(xy) = θ(x)ψβ(y), for
x ∈ Or[βˆ]
×
, y ∈ Kl.
Dene the representation
π(θ, β) = IndGr
Or[βˆ]×Kl
(θψβ).
By Theorem 2.1 ii), π(θ, β) is an irreduible representation, π(θ, β) = π(θ′, β) ⇒
θ = θ′, and every irreduible representation of Gr orresponding to an orbit of
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of the above three types is obtained in this way. This is a speial ase of Theorem
4.1 in [6℄, whih holds for any GLn and any regular orbit.
We observe that a dierent hoie of representative β for the orbit, gives a
onjugate harater ψβ and a onjugate stabilizer T (ψβ). The resulting indued
representations are therefore isomorphi for any hoie of representative β. More-
over, a dierent hoie of βˆ, even though it may give a dierent group Or[βˆ]
×
and
dierent haraters θ, will give a resulting set of representations θψβ , that equals
the original one. This is beause in both ases we obtain the set of irreduible
omponents of Ind
T (ψβ)
Kl
(ψβ). Thus, the set of representations π(θ, β) depends only
on the orbit of β, and is independent of the hoie of lift βˆ.
4. The ase r = 2l− 1, l′ = l − 1
As before, Let β be a representative of one of the three orbits above, and hoose
a lift βˆ ∈ M2(Or). The thing that makes this ase more diult is that we start
from a harater ψβ on Kl, while T (ψβ) = Or[β]
×Kl′ , and Kl  Kl′ , so it is not as
easy to deompose Ind
T (ψβ)
Kl
(ψβ). This the odd ondutor ase in turn falls into
two subases: the split ase, and the uspidal ase.
4.1. The split ase. Following Hill [6℄, Set. 4, we assume that β lies in a split
regular orbit, i.e. of type (1
′
) or (3
′
). Let Br be the subgroup of Gr of upper-
triangular matries. By the proof of Lemma 4.5 in [6℄, the group Hβ = Kl(Br∩Kl′)
has the property thatHβ/Kl is a maximal isotropi subspae ofKl′/Kl with respet
to the form
1
〈·, ·〉β : Kl′/Kl ×Kl′/Kl −→ k, 〈xKl, yKl〉β = Tr(β(mn− nm)),
where x = 1 +̟l
′
m and y = 1 +̟l
′
n. Moreover, Hβ is normal in T (ψβ), and we
have the following diagram of groups.
T (ψβ)
Kl′
u
u
u
u
u
u
u
u
u
u
Or[βˆ]
×Hβ
Hβ
v
v
v
v
v
v
v
v
v
v
Or[βˆ]
×Kl
Kl
u
u
u
u
u
u
u
u
u
u
We now review the main steps of the proof of Theorem 4.6 in [6℄. Let N = ker(ψβ)
and write ψβ for ψβ viewed as a harater of Kl/N . One an show that Hβ/N and
Or[βˆ]
×Kl/N are both abelian. Hene, ψβ an be extended to both these groups.
Next it is shown that there exists exatly q2 (qn in the ase of GLn) Or[βˆ]
×Hβ/N -
stable extensions of ψβ to Hβ/N . Let ψ
′
β be one of these. Furthermore, one an
1
The form takes values in k, not in C as stated by Hill.
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onstrut an extension ψ′′β of ψβ to Or[βˆ]
×Kl/N , suh that ψ
′′
β and ψ
′
β agree on
(Hβ/N) ∩ (Or[βˆ]
×Kl/N). Then one an hek that the map
ψ′′′β : Or[βˆ]
×Hβ/N −→ C, ψ
′′′
β (xhN) = ψ
′′
β(xN)ψ
′
β(hN),
where x ∈ Or[βˆ]
×, h ∈ Hβ , is a well-dened homomorphism. Denote by ψ˜β the
omposition of ψ′′′β with the natural homomorphism Or[βˆ]
×Hβ → Or[βˆ]
×Hβ/N .
Thus ψ˜β is an extension of ψβ to Or[βˆ]
×Hβ .
Now dene the haraters
ρβ = Ind
Kl′
Hβ
(ψ˜β |Hβ ), and ζβ = Ind
T (ψβ)
Or[βˆ]×Hβ
(ψ˜β).
It follows from [6℄, Prop. 4.2, that ρβ is irreduible. Moreover, it is shown that ζβ
is an extension of ρβ . Frobenius reiproity and ounting degrees shows that the
indued representation Ind
T (ψβ)
Kl′
(ρβ) deomposes as the sum of the representations
ωζβ, where ω runs through the linear haraters of the abelian group T (ψβ)/Kl′ .
Finally, it is shown that every irreduible omponent of Ind
Kl′
Kl
(ψβ) has the form
Ind
Kl′
Hβ
(ψ′β) for some Or[βˆ]
×
-stable extension ψ′β of ψβ . Thus, every irreduible
omponent of Ind
T (ψβ)
Kl
(ψβ) has the form ωζβ , where ζβ is indued from some ψ˜β ,
and ω is as above, and all the haraters ωζβ are distint for distint ψ
′
β and ω.
Thus, every representation ωζβ is isomorphi to an indued representation
Ind
T (ψβ)
Or[βˆ]×Hβ
(ω′ψ˜β),
where ω′ is a linear harater of Or[βˆ]
×Hβ/Hβ, and distint ω
′
give distint ωζβ .
4.2. The uspidal ase. We now assume that β is in a uspidal orbit, i.e. of type
(2
′
). In [7℄, Prop. 3.6 Hill gives a onstrution of so alled strongly semisimple rep-
resentations, whih inlude the uspidal ones as a speial ase. This onstrution
is less expliit than ours beause it involves the non-onstrutive existene of an
irreduible onstituent of Ind
Kl′
Kl
(ψβ). For the onstrution of the uspidal repre-
sentations, there are also several slightly dierent methods giving parametrizations
in terms of ertain haraters of O×F2 , where F2 is the quadrati unramied exten-
sion of F (f. [1℄ and its referenes). The method we give here is similar to a more
general onstrution used by Bushnell and Kutzko (f. [3℄) in their desription of
superuspidal representations of GLn(F ). In partiular, the method an be adapted
to the onstrution of uspidal representations for any GLn(O). We will make use
of the following result from [2℄, 8.3.3.
Proposition 4.1. Let G be a nite group and N a normal subgroup, suh that
G/N is an elementary abelian p-group. Thus G/N has a struture of Fp-vetor
spae. Let χ be a one-dimensional representation of N , whih is stabilized by G.
Dene a alternating bilinear form
hχ : G/N ×G/N −→ C
×, hχ(g1N, g2N) = χ([g1, g2]) = χ(g1g2g
−1
1 g
−1
2 ).
Assume that the form hχ is non-degenerate. Then there exists a unique up to
isomorphism irreduible representation ρχ of G suh that ρχ|N ontains χ.
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Note that the form is well-dened
2
, so the non-trivial thing here is the uniqueness
part.
Set Z1 = Or[βˆ]
× ∩ K1. The strategy to nd the irreduible onstituents of
Ind
T (ψβ)
Kl
(ψβ) is as follows. First we extend ψβ to a representation ψ˜β of Z
1Kl,
as in the even ondutor ase. Next we apply the above proposition to the ase
where G = Z1Kl′ , N = Z
1Kl, and χ = ψ˜β . We thus obtain a representation ηβ
ontaining ψβ , and it is lear that every representation of Z
1Kl′ ontaining ψβ is of
this form. Finally, we use Theorem 2.1, iv) to lift ηβ to a representation of T (ψβ).
Again it is lear that we have in this way obtained every irreduible omponent of
Ind
T (ψβ)
Kl
(ψβ).
To arry out the above strategy, we need to establish several fats onerning the
groups T (ψβ), Z
1Kl′ , Z
1Kl, and their respetive representations: First, to apply
Proposition 4.1, we need show that Z1Kl is normal in Z
1Kl′ , that the quotient is
elementary abelian, that Z1Kl′ stabilizes the representation ψ˜β , and that the form
hψ˜β is non-degenerate. Then, to apply Theorem 2.1, iv), we need to show that
Z1Kl′ is normal in T (ψβ), that T (ψβ) stabilizes the representation ηβ , and that
the quotient T (ψβ)/Z
1Kl′ is yli.
We prove all the above fats in one go. First we show that both Z1Kl′ and Z
1Kl
are normal in T (ψβ) (and thus Z
1Kl is normal in Z
1Kl′). It is lear that Z
1Kl′
is normal in T (ψβ) sine Z
1Kl′ = T (ψβ) ∩K1, and K1 is normal in Gr. Now let
g ∈ T (ψβ) and x ∈ Z
1Kl. Write g = ek with e ∈ Or[βˆ]
×
and k ∈ Kl′ , and write
x = zh, with z ∈ Z1 and h ∈ Kl. Then
gxg−1 = z · e([z−1, k](khk−1))e−1,
and the two fators in the braket lie in Kl sine [K1,Kl′ ] ≤ Kl. Sine Kl is
normal in Gr, the whole expression e([z
−1, k](khk−1))e−1 in fat lies in Kl, so
gxg−1 ∈ Z1Kl, as required. Now
ψ˜β(gxg
−1) = ψ˜β(z)ψβ(e([z
−1, k](khk−1))e−1)
= ψ˜β(z)ψβ([z
−1, k])ψβ(h)
= ψ˜β(x)ψβ([z
−1, k]),
where the seond equality follows sine T (ψβ) stabilizes ψβ. Thus, to show that
T (ψβ) stabilizes ψ˜β , we need only to show that ψβ([z
−1, k]) = 1. For this, write
k = 1 + y, with y ∈ pl
′
M2(Or) and notie that
[z−1, k] = z(1 + y)z−1(1− y + y2) = z(1 + y)z−1 − y,
(here we have used the fat that y3 = 0 and zy2 = y2 in M2(Or)). Then
ψβ([z
−1, k]) = ψ(Tr(β(zyz−1 − y))) = ψ(Tr(z(βy)z−1 − βy)) = 1,
where we have used zβˆ = βˆz ⇒ zβ = βz, and the fat that Tr is a onjugay lass
funtion.
2 χ([g1n1, g1n2]) = χ(g1g2(g
−1
2
n1g2n2n
−1
1
g−1
1
n−1
2
g1)g
−1
1
g−1
2
)
= χ(g1g2(g
−1
2
n1g2n2n
−1
1
g−1
1
n−1
2
g1)(g1g2)−1[g1, g2])
= χ(g−1
2
n1g2n2n
−1
1
g−1
1
n−1
2
g1)χ([g1, g2]) = χ(g
−1
2
n1g2)χ(n2n
−1
1
)χ(g−1
1
n−1
2
g1)χ([g1, g2])
= χ([g1, g2]).
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Next, note that sine [Kl′ ,Kl′ ] ≤ Kl, the bilinear form does not depend on the
lift ψ˜β . The form hψβ = hψ˜β is related to the above form 〈·, ·〉β in the following
way. First, there is a natural isomorphism
Kl′
(Z1 ∩Kl′)Kl
−˜→
Z1Kl′
Z1Kl
, k(Z1 ∩Kl′)Kl 7−→ kZ
1Kl, where k ∈ Kl′ ,
and moreover, it is shown in the proof of Prop. 4.2 of [6℄ that 〈xKl, yKl〉β = 0 if and
only if ψβ([x, y]) = 1, so hψβ (xZ
1Kl, yZ
1Kl) = 0 if and only if 〈xKl, yKl〉β = 0.
By [6℄, Corollary 4.3
3
the radial of the form 〈·, ·〉β is equal to (Or[βˆ]
×∩Kl′)Kl/Kl,
so by the above isomorphism the radial of hψβ is Z
1Kl(Or[βˆ]
× ∩ Kl′)/Z
1Kl =
Z1Kl/Z
1Kl = 1. We thus onlude that the form hψβ is non-degenerate. Sine
Kl′/Kl ∼=M2(k) is elementary abelian, the same is true for any of its quotients.
Finally, we show that T (ψβ)/Z
1Kl′ is yli, and that T (ψβ) stabilizes the repre-
sentation ηβ . The former is true beause the quotient is isomorphi to Or[βˆ]
×/Z1 ∼=
k[β]×, and this is the multipliative group of a nite eld (the residue eld of the
unramied extension generated by a lift of β toM2(Or)). The latter is true beause
for g ∈ T (ψβ), the onjugate representation η
g
β is another irreduible representa-
tion of Z1Kl′ whose restrition to Z
1Kl ontains ψ˜
g
β = ψ˜β , so the uniqueness in
Prop. 4.1 implies that ηgβ is equivalent to ηβ .
To onlude, we have shown that any irreduible omponent of Ind
T (ψβ)
Kl
(ψβ) is
of the form η˜β , for some lift η˜β of ηβ to T (ψβ). It follows that any irreduible
representation of Gr ontaining ψβ is of the form
IndGrT (ψβ)(η˜β),
for some η˜β , and distint induing representations give distint indued represen-
tations. Again the dependene on the hoie of lift βˆ is irrelevant, sine for any
hoie we obtain the set of irreduible omponents of Ind
T (ψβ)
Kl
(ψβ). The hoie of
representative β is irrelevant for the same reason as before.
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